We derive a complete pure de Sitter supergravity action with non-linearly realized supersymmetry and its rigid limit, the Volkov-Akulov action, from the corresponding models with linear supersymmetry, by computing the path integral in the limit of infinite sgoldstino mass. In this, we use a non-Gaussian functional integration formula that was recently discovered in a derivation of de Sitter supergravity from the superconformal theory. We also present explicit examples of pure dS supergravity and the case with one matter multiplet. These two simple examples serve as a test and a demo of the universal action formula valid for de Sitter supergravities with general matter coupling.
Introduction
There are many ways to derive actions with D = 4, N = 1 non-linearly realized supersymmetry, starting with the Volkov-Akulov (VA) goldstino action [1] [2] [3] [4] [5] [6] [7] . The interest to these theories is due to their recent applications in cosmology [8] [9] [10] [11] [12] [13] and in string theory [14] [15] [16] [17] [18] . The term 'nilpotent' was introduced in [9] as a short definition of the chiral superfield satisfying the constraint S 2 (x, θ) = 0.
De Sitter supergravity models with a non-linearly realized local supersymmetry were derived recently from the superconformal models underlying supergravity when the nilpotent constraint on a chiral multiplet was imposed [19] [20] [21] , or from the off-shell supergravity with the constraint [22, 23] . Other methods use the constraint chiral curvature superfield, or are based on a complex linear superfield [24] , see for example a review of various approaches in [13] . A superspace method to derive an analogous action, including fermions, from brane induced supersymmetry breaking was recently proposed in [18] . The term 'de Sitter supergravity' was introduced in [19] where it was shown that the coupling of supergravity to a nilpotent multiplet leads to a cosmological constant Λ = f 2 − 3m 2 3/2 m 2 P l , which can be positive. Here f 2 is a parameter describing the goldstino coupling, i.e. a vacuum value of the auxiliary field of the nilpotent multiplet, or in the context of a string theory: a tension of the uplifting D3 brane. The universal negative contribution to the cosmological constant is from the gravitino mass. In the general class of de Sitter supergravities [22, 23] there is a universal positive contribution f 2 , a universal negative contribution −3m 2 3/2 m 2 P l , as well as additional positive model dependent terms. We will often use the term 'de Sitter supergravity' to replace a longer expression: supergravity interacting with a nilpotent multiplet.
The purpose of this paper is to clarify the relation between linear and non-linear supersymmetries and, in particular, to derive the non-linear actions from the linear models, where S(x, θ) is an unconstrained chiral multiplet. Another goal of this paper is to explore the models of de Sitter supergravity which are the most interesting for cosmological applications. Specifically, we will present the explicit de Sitter supergravities with a nilpotent multiplet (pure), and the one with one additional chiral (matter) multiplet, by using a general action formula in condensed notation, valid for an arbitrary number of matter multiplets [22, 23] . These can be compared with the actions in [20] , which were derived using a somewhat different method. In this way we will detail and confirm the general result in [22, 23] as well as bring it to a form useful for cosmological and particle physics applications.
For the explicit relation between the models with linear and non-linear supersymmetry, we will use an observation in [6] concerning an approximate relation between the models in question, which we will show is possible to make exact, to all orders. The relation is as follows. In the linear model there is a fundamental scalar, the sgoldstino, and a fermion, the goldstino. In [6] , it was shown how one can start with a linear supersymmetry action and eliminate the sgoldstino on shell assuming that the energies are below the masses of the sgoldstino in the IR limit of the quantum field theory:
In this way one recovers the leading terms of the VA fermionic action without scalars, and the process also makes it possible to see why there is only a fermion left in the action at low energies, i.e. below the mass scale of the scalar field sgoldstino. This procedure may be developed in two ways, as we will show:
1. A complete VA action [1, 6, 7] can be obtained from the linear model by requiring the corresponding path integral to exist in the limit when the mass of the sgoldstino is infinite:
without any bound on the energies, such as in (1.1). Importantly, that very bound at fixed m s prevents a consistent derivation of the higher derivative terms required in the VA action to preserve the non-linearly realized supersymmetry.
2. The same method of computing the path integral in the limit (1.2) allows for a derivation of the complete pure non-linear de Sitter supergravity [19, 20] from the standard linear supergravity model with one chiral multiplet.
Concerning our second goal, i.e. to present explicit dS supergravity models based on [22] , we would like to point out the difference between the derivations of dS supergravities in [19, 22] and [20] . Both approaches begin with an off-shell action where the auxiliary field F of the nilpotent chiral multiplet (z, χ, F ) is present. However, the scalar field z(x) is not a fundamental field, but a bilinear function of the spinors in the sgoldstino:
This appearance of F in the inverse power makes standard Gaussian integration useless, and an extra effort is required for a derivation of the action for the physical fields. There are different ways to do this. In [20] , the functional integration of the auxiliary fields in the path integral is performed directly, taking into account the positive and negative powers of F in the action. The explicit expressions for the pure dS case and dS with a matter multiplet were derived. However, this direct method becomes more and more complicated with more general couplings. On the other hand, in [22, 23] the integration of the auxiliary fields is performed in a universal way for general couplings following a proposal in [19, 21] , based on certain features of the nilpotent multiplets. For example, the auxiliary field F can be shifted by a function linear or quadratic in χ to
remain invariant under this shift since χ 3 = 0. The existence of the shift symmetry made it possible to argue for that instead of solving a complicated, non-universal equation of motion for F (especially in matter coupled models) one can solve the equation for a shifted auxiliary field F ′ . The subsequent equation has a universal solution, which gives a universal form of the action, presented in [22] in condensed notation. Here, we will extract the explicit expressions for the complete actions in the two previously mentioned cases, which might be useful for various applications.
The paper is organized as follows. In Sec. 2 we review the result of the non-Gaussian integration of the auxiliary field F , as derived in [19] . It will be used as a tool for the derivation of the nonlinear action from the linear supersymmetry and supergravity models, which we present in Sec. 3. In Sec. 4, we review the general coupling to supergravities with a nilpotent multiplet, before presenting an explicit pure dS supergravity as the first example of the general formula in [22] . It is different from the action in [19] due to a difference in the choice of local Weyl symmetry, R-symmetry and special supersymmetry gauge fixing, when starting with superconformal theory. We also present the dS supergravity action coupled to a nilpotent and a matter multiplet. In Sec. 5, the discussion, we summarize our results and suggest possible directions for future work.
Non-Gaussian integration of the auxiliary field of the nilpotent multiplet
We begin with a reminder of the simple, well-known procedure for eliminating auxiliary fields by Gaussian integration. The action is quadratic and linear in auxiliary fields, which can be integrated out
The result is the original action taken at the on-shell Gaussian value of the auxiliary field
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Now, we consider the case when the action has a particular non-Gaussian dependence on auxiliary fields, which allows for their elimination, on shell. The action is
Here, z is the first component of the nilpotent chiral multiplet Z(x, θ):
with the notation such that
The closed form answer for this action is, as shown in [19] ,
where the on-shell value of the auxiliary field was found to be
The corresponding on-shell value of the field z is
where
It follows that whenever we have an action like (2.4), functional integration can be performed, with the result as given in (2.7). Moreover, this formula explains why the fermion action in [19] is complete and why it is more difficult to get the complete fermion action in a closed form through other approaches. In particular, in the case of global supersymmetry we have A = and B = 0, so that S on−shell obtained by this method, starting from S nG , is given by the VA action [1, 6, 7] 
From linear to non-linear supersymmetry in examples, via non-Gaussian integration
Our general strategy is the following. We generalize the Komargodski-Seiberg construction [6] to all energy scales with the purpose to reproduce the full VA Lagrangian. Specifically, we take the scalar field z in the chiral multiplet
to be extremely heavy, which we will show to be equivalent to imposing the nilpotency condition. We take
It is easy to see that the mass of the sgoldstino field z(x) is
which means that for c → ∞, the sgoldstino is infinitely heavy. Here, we would like to find out if such a limit of the path integral for the linear model defined in (3.2) exists, under certain conditions. In fact, we will establish that such a limit exists in both the case of a global and a local supersymmetry, and that both cases, unsurprisingly, allow for an alternative to original derivation of the VA global and pure dS local actions, complete to all orders in fermionic terms.
To identify the condition for the existence of the limit c → ∞ the path integral has to be studied off-shell, when linear supersymmetry also is realized off-shell. In the setting of global linear supersymmetry this means
The component action is constructed in a standard way, given the corresponding Kähler potential and superpotential. In superfield form it is given by
This form is convenient as it shows that the complete action has at most a linear dependence on c:
We will therefore, in the case of global supersymmetry, require
as a condition for the existence of the limit c → ∞.
In the case of local supersymmetry we find that all higher powers of c are present in the action, for example from the terms with e
and other sources:
However, once we require that
an analysis shows that all higher order terms in c also vanish, so that the limit exists. Consequently, what remains is to perform the functional integration of the original integral with the originally linearly realized supersymmetry with the action in (3.4) under conditions (3.7), (3.9) respectively, for global and local supersymmetry, and find out the result of the integration.
Since the Kähler potential is the same for both the global and the local case, we will begin by studying the Kähler geometry, where we will denote the corresponding linear supermultiplet by
for convenience of dealing with holomorphic and anti-holomorphic indices. Here, χ 1 is a Majorana spinor which in the rest of this article will be split into its Weyl components
In this setting, the Kähler potential and the superpotential is
and we observe that the metric and its inverse are
while the non-vanishing Christoffel symbol (Γ α βγ = g αδ ∂ β g γδ ) and Riemann tensor components are
(3.12b)
Global supersymmetry
The standard N = 1 supersymmetric Lagrangian with chiral multiplets and without gauge multiplets is given by [25] :
With the Kähler and superpotential in (3.11), using notation in (3.10), this Lagrangian is
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The terms in the action which seem to have a quadratic dependence on c in the moduli space curvature and the ones quadratic in Γ actually cancel, in agreement with (3.5). We find that the condition of existence of the limit c → ∞ in (3.7) becomes
which we solve by requiring that
This is a necessary condition to eliminate the first term. In addition, the property z 1 χ 1 = 0 means that the O(χ 1 z 1 ) + O(χ1z1) vanish as well. Thus in the limit m 2 z → ∞, we obtain the same constraint (3.16) as [6] , but without the restrictions on the energy scale in (1.1), since we study the linear supersymmetry model at m 2 z → ∞ and E 2 ≪ ∞ with the purpose to derive a complete VA action. The limiting Lagrangian becomes
We can now simply use the non-Gaussian integration trick employed in Sec. 2 to eliminate the auxiliary field F 1 . Upon integrating out F 1 the action (2.7) becomes equal to the complete VA action (2.11). However, note that in comparison with this equation, and (2.4),
is the on-shell value of F 1 . This relation between f 1 and the superpotential is a consequence of the form of the action.
Local supersymmetry
In the case of local supersymmetry, we focus again on an example of supergravity interacting with one linear, unconstrained chiral multiplet (z 1 , χ 1 , F 1 ) with the Kähler potential and superpotential given in (3.11). We claim that in the limit c → ∞, performed using the corresponding local supersymmetry action, we will be able to derive the pure dS supergravity, as already indicated in the beginning of this section. We start with the off-shell supergravity action, following [22] in the case of a single unconstrained chiral multiplet:
where the Gaussian solution is
With (3.16), the extra terms arising in the Lagrange multiplier, scalar potential, the fermion mass Lagrangian and the four fermion Lagrangian due to the extra term in the Kähler potential proportional to c, cancel. The first gives a c-dependent contribution (disregarding terms with χ 1 z 1 )
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apart from the expression present with c = 0. The second of these terms gets cancelled by the contribution from the scalar potential (as it does also with c = 0), and the other terms with f 1 by the contribution from the fermion mass Lagrangian. The rest of the terms pair up with the four fermion Lagrangian contribution (from the Riemann tensor) into:
We therefore find that with (3.16), and taking into account all other c-dependent terms, the limit c → ∞ is well-defined and the action takes the form shown in (2.4). Integrating the auxiliary field F 1 using the non-Gaussian formula (2.7) we find the pure dS supergravity action in the form given in [22] e −1 L
We will present an explicit expression for this action below.
General Matter-coupled de Sitter supergravity
The most general case of a Kähler potential K, a superpotential W and a holomorphic gauge kinetic function f AB in the case when one chiral multiplet z 1 is nilpotent can be presented as follows:
Here we have taken into account that all dependence on z 1 andz1 is restricted by the condition (z 1 ) 2 = 0 and (z1) 2 = 0. In [22] a simplifying assumption 1 was made by requiring that there were no terms in the Kähler potential linear in z 1 (z1), i.e.
Using the assumption (4.2), the supergravity Lagrangian for a nilpotent chiral superfield, coupled to an arbitrary number of chiral and vector multiplets (i = 2, . . . , n), is given in [22] 
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Here, the b 1 can be read off from the action given in [25] . The first line of it comes from the scalar potential V , and the second line from the kinetic terms for the fermions. The third, fourth and fifth lines come from the fermion mass Lagrangian, except for the second term of the third line, which is of the formψ µ J µ . The last line contains a term mixing gravitino and spin 1/2 fermions.
It might be interesting to note that a class of models called 'Nilpotent Supergravity' in [13] allows only a particular choice of the Kähler potential:
characterized by a single function K 0 (z i ,zī). These models have a nilpotent multiplet dual to a chiral curvature multiplet. Meanwhile, starting with the superconformal approach, as proposed in [21] and implemented in [22, 23] , there are no such constraints. All of the three functions that appear in the Kähler potential can be independent.
Explicit pure de Sitter supergravity
Here we have a coupling of supergravity with a single nilpotent multiplet denoted in [22] as z 1 . For clarity, we will use for its components the notation (z 1 , χ 1 , F 1 ):
We know from [22] that for the pure de Sitter case
The full Lagrangian corresponding to (4.3a) for this model is
with the covariant spinor derivative and supergravity torsion part L SG,T of the
The three first lines of (4.7) denote terms independent of (z 1 ,z1), representing the normal Einstein theory. The first line begins with the kinetic terms for the graviton and continues with parts of the corresponding for the gravitino and the chiral multiplets. This is followed by the contributions from the scalar potential, the fermion mass Lagrangian and the terms that mix the gravitino and spin 1/2 fermions, whereas the third line contains terms with four fermions.
Lines four to five denote the contribution from terms proportional to z 1 : (Bz1 + z 1B ). The first of these contains the term withψ µ J µ , proportional to the basic supercurrent of the gauge, and a term from the scalar potential. The second shows the fermion mass Lagrangian and a final term mixing gravitino and spin 1/2 fermions.
The sixth and the seventh lines in (4.7) corresponds to terms with both z 1 andz1, from the kinetic terms for the chiral multiplets, the scalar potential and the fermion mass Lagrangian. The final line represents the extra term specified in (4.3a). Here, the b 1 can be read off.
Explicit de Sitter supergravity coupled to one chiral multiplet
We continue presenting the nilpotent multiplet as (z 1 , χ 1 , F 1 ). The matter multiplet components will be (z 2 , χ 2 , F 2 ). We make the simple choice
with which we explicitly have
with D µ and L SG,T as in (4.8) and
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The structure of the presentation follows that of the pure de Sitter case. The eight first lines represent the contribution independent of (z 1 ,z1), ordered in the same way as previously mentioned. For example, the contribution from the scalar potential is found in the first three terms of the fourth line, and the terms containing four fermions in lines six to eight.
Line nine to eleven is proportional to z 1 , followed by the terms containing both z 1 andz1, where the last two lines correspond to the additional contribution to the book Lagrangian, specified in (4.3a).
Note that although this expression is quite complicated, it is in fact just a detailed version of (4.3a). In any analysis, it likely most efficient to first look to the short form, and the details there, for e.g. an appropriate choice of gauge. In the absence of terms proportional to z 1 , the Lagrangian simply is constituted by the eight first lines in (4.10). Also, in contrast to what is true for e.g. the approach in [20] , the expression can be easily extended to include more matter multiplets.
Discussion
The first result of this work is that it is possible to start with models with N = 1 linear supersymmetry with an unconstrained chiral multiplet and derive the models with non-linearly realized supersymmetry, in a very efficient way. For example, we have reconstructed the complete action (2.11) from the model with linear supersymmetry, instead of only the leading terms in the VA goldstino action, as in the procedure in [6] . It is even more surprising that the same procedure for eliminating the heavy sgoldstino works in the case of a local supersymmetry, and leads to an alternative derivation of the pure de Sitter supergravity action (4.7). These results are presented in Sec. 3.
The second result of this paper is the derivation of the explicit pure de Sitter supergravity and the de Sitter supergravity interacting with one matter multiplet, from the general result derived in [22] concerning theories with general coupling, presented there in condensed notation. In the case of pure de Sitter supergravity the explicit action in (4.7) is different from the first version derived in [19] ; the difference corresponds to a different choice of gauge-fixing of the Weyl symmetry, Rsymmetry and special supersymmetry in the superconformal version of the theory. Here, following [22] , we used the class of gauges corresponding to a standard unconstrained supergravity, where it is possible to construct de Sitter supergravities with general couplings. These gauges are defined in e.g. [25] .
An explicit model of de Sitter supergravity interacting with one matter multiplet is presented in (4.10). The complete action with all fermions, the gravitino, a fermion from the nilpotent multiplet as predicted in [21, 22] . The gravitino is mixed with the goldstino in this model, which defined the super-Higgs mechanismψ µ γ µ v + h.c.,
where v = (χ 1 f + χ 2 ∇ 2 g). The gravitino eats the goldstino and becomes massive in the unitary gauge v = 0. Various choices of gauges for the local supersymmetry can be investigated, starting from the action (4.10) . This kind of model is particularly suitable for studies of cosmology and early universe inflation where the matter multiplet (z 2 , χ 2 , F 2 ) is an inflaton supermultiplet, whereas the presence of the nilpotent multiplet (z 1 = (χ 1 ) 2 2F 1 , χ 1 , F 1 ) helps to produce inflationary models with a stabilized inflaton partner with the exit to de Sitter vacua of the type studied e.g. in [26] . The fermionic part of the detailed action here presented will be interesting in these models with regard to reheating, creation of matter, and particle physics.
